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Two  problems  in  array  design  are:  (l)  increasing  array  gain  and, 
(2)  optimizing  the  intensity  pattern  of  an  array.  It  is  the  purpose 
of  this  memorandum  to  review  the  Faran-Hills  method  of  optimizing  array 
gain,  to  describe  the  Dolph-Tchebyscheff  procedure  and  Riblet's  exten- 
sion of  the  method  for  optimizing  the  field  pattern  of  a broadside 
looking  array,  and  Iftts&tr  to  compare  the  resulting  patterns  and  array 
gain3  of  the  two  methods. 


DOLPH-TCHEBYSCHEFF 


JRE  FOR  OPTIMIZING  FIELD  PATTERNS 
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To  compute  the  field  patterns  of  broadside,  linear  arrays  with  in 
phase  equally  spaced  omnidirectional  rfeqeivers  iet  the  center  of 

the  array  be  the  reference  point  and  let \ 

d = the  distance  between  elements, 

X = the  wave  length, 

a . ih 

= the  amplitude  shading  factor  in  the  K element, 

and  Q = the  angle  from  the  normal  of  the  array  to  the  direction 
from  which  a plane  wave  arrives. 

The  shading  factors  of  the  array  are  arranged  for  r>  elements, 
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is  ft  re  then  given  by  Wj  . ^iV' 
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Let  } so  that 


The  field  patterns  are  then  given  b 


a.  >id 


E„c  = i HAk  COsfc.K+0%  j > 

K-o 

^oo  - a.  2^  Ac  COS  £ 


. ,C#  L;  DolPh  > by  making  the  proper  substitutions,  rewrites  the 
field  pattern  equations  as  polynomials  in  pC  with  the  coefficients  made 
up  oi  the  amplitude  shading  factors. 

By  de  Moivre's  theorem, 

Cos  m-% -f  /Sin  1 - (cosl  + / Sin  £ ) So  that 
cos  = f?e  (cos^-f  y Sin-1  ) "*  y or 


CCS  ml  - (a*£)  - 


(s) 


Changing  the  sines  to  cosines,  (5)  becomes  for  particular  values  of  vr>  , 

(l  -for  m=o . 

C«<  for  « = l, 

CCS^X  (f) 

J $or  rn=^ 

( % cotl-icotx+i  for 
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Substituting  for  hi  £ into  (l)  and  (2)  and  then  letting 

- cos  ^ , (7) 

Zneix)  = a [AoX+Ai  (4X-  3x)-h  Az  (Iby *-  sloX* +*/)+•-  j (8) 
f-nc  (x)  = *2-  ($) 

Collecting  terms , 

ar'd  Enc -2 {(hrAMirAi*...)+J(zA< -3Ai+ 1 8^t-.0+x(^^^')+''*J?  ^ 


For  v»  elements,  the  degree  of  the  resulting  equation  will  be  y]  - \ . 
Dolph  chose  to  equate  the  field  pattern  equations  to  the  Tchebyscheff 
polynomials  because  this  results  in  an  optimum  pattern  in  the  sense 
that  for  a given  beam  width  the  minor  lobe  level  is  minimum  and  vice 
versa. 


The  Tchebyscheff  polynomials  are  defined  as  "Tni(x)  — C0Sjn%_, 
For  particular  values  of  Vv?  , 
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All  Tchebyscheff  polynomials  have  the  following  properties,  among  others. 


1.  All  Dass  thru  the  point  (l,l). 

?.  For  - | £ * < | , l71(x>/  X | for  all  hi  , 
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3.  All  roots  are  in  the  interval  (-1,  1),  and 

4.  All  maxima  and  minima  occur  in  the  interval  (-1,  l)  and  alter- 
nate between  -1  and  1. 

The  point  (*•,«)  in  Figure  1 will  be  made  to  correspond  to  the  main  lobe 
maximum  while  the  maxima,  minima  and  zeros  will  correspond  to  the  minor 
lobes  and  mills  of  the  field  pattern. 


For  another  polynomial  of  like  degree  to  have  the  same  beam  width  i.e., 
pass  thru  and  the  largest  zero  and  also  have  a smaller  minor 

lobe  level  over  the  range  | ),  it  would  have  to  intersect  the  Tche- 
byscheff  polynomial  in  n+  I places.  The  fact  that  any  two  n degree 
polynomials  which  interesect  in  at  least  I places  must  coincide, 
proves  that  the  Tchebyscheff  polynomials  are  indeed  optimum. 


Define  R 


main  lobe  maximum 
side  looe  level 


Note  that  for  the  Tchebyscheff 


polynomials  the  denominator  is  always  equal  to  one  so  that  H = main  lobe 
maximum.  Xo  will  usually  be  equal  to  or  greater  than  one  (and  can 
be  found  by  solving""/!.^^ but  equation  (7)  restricts  /.  to  the  range 
-lixil  , so  Dolph  subjects  the  abscissa  to  the  linear  transformation 
*vo  (see  Figure  1)  and  then  equates  £ (^r)  as  given  by  equation  (10) 

UP  “ %.,(*)  ■ Solving  for  the  coefficients  of  X gives  the  amplitude 
shading  factors.  An  example  is  given  in  the  appendix.  Riblet^  shows 
that  this  method  is  restricted  to  spacings  where  a-  > £ . From  (7) 

(cos  n^i/n€/)  , and  as  O ranges  from - .ff  &>  H/*;  the  observable 
pattern  varies  from  QzfcoS^Wyr.o  one  and  back  to^a  again.  As 
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becomes  less  than  1/2,  a becomes  greater  than  zero.  There  are  now 
rjolynominls  of  like  degree  which  give  lower  side  lobe  levels  for  the 
sane  beam  width  1 ri  the  range  from  a to  one  and  Dolph's  procedure  no 
longer  produces  an  optimum  pattern.  Figure  2 shows  a polynomial  with 
better  side  lobe  and  beurnwidth  characteristics  than  is  obtainable  by 
Dolph ' s method . 


* 


\ i g u re  X 

Riblet  shows  that  when  there  are  an  odd  number  of  elements  he  can 
make  the  substitution  X ~(coi  l,r£  that  £«<.*)  is  given  by  a poly- 

nomial of  degree  '1~-  instead  of  n-i  as  would  be  the  case  in  Dolph's 
method.  Now,  by  the  more  general  transformation  c performed  on 
7i-J  CeJ  , he  finds  t^ind  C so  that  the  abscissa  from  x-  -I  to  x;  ^ 
or/i-sfrjlc  squeezed  between  a.  and  one  in  7iX  (i,/.  This  procedure 

results  in  the  optimum  pattern.  An  example  of  this  procedure  is  also  . 
given  in  the  appendix.  When  n is  even,  the  substitution  *= (ojj 
cannot  be  made  so  there  is  no  equivalent  procedure  to  optimize  the 
pattern  in  this  case. 

FA RAN -HILLS  PROCEDURE  POP  OPTIMIZING  ARRAY  GAIN 
Define  array  gain  as 
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Let  Ak  he  the  amplitude  shading  factor  of  the  ^ — element  in  an 
additive  array . Then 


G 


where  S'*  is  the  signal  input  at  the  It ^ element  and 
►7*  is  the  noise  input  at  the  /<  ci*  element. 


Assume  that  the  signal  is  perfectly  coherent,  that  the  noise  iri  homo- 
geneous and  stationary  in  the  wide  sense,  that  n*  , wherfe 

is  the  spatial  correlationbetween  the  (<*fc  and  L **  elements  and 
let  JV  £ _ i . Then 

K =/ 


1 ±A<A^L 

K L 


Faran  and  Hi31s^  maximize  & by  themethod  of  Lagrange's  undetermined 
multipliers  yi/ing  the  following  set  of  kt-f  equations. 


R=  Zak-i  =o 

iA.  ~°J  n 


Solving  the  equations  gives  the  optimum  for  the  maximum  array  gain. 
For  more  details  of  this  procedure  see  reference  (6). 
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PROCEDURE  Afffi  RESULTS 


A five  element  array  was  used  to  compare  the  Tchebyscheff  and 
Faran-Hills  methods  since  an  odd  number  of  elements  are  required  for 
the  cases  where  < £ , and  because  the  Faran-Hills  array  gain,  ampli- 
tude shading  coefficients  and  corresponding  patterns  for  the  five  ele- 
ment array  already  were  available  for  spacings  of  2-:  j*/ 

These  included  both  assumptions  of  an  isotropic  noise  field  and  a direc- 
tional noise  field,  where  directional  means  there  are  independent  noise 
sources , equally  distributed  on  a large  circular  area  on  the  surface  of 
the  ocean,  radiating  with  an  intensity  proportional  to  the  cos  «<  > eK 
being  the  angle  between  the  direction  of  radiation  and  the  perpendicular 
to  the  surface  of  the  ocean. 


A computer  program  was  written  to  take  the  ratios  of  the  main 
lobe  maximum  to  the  largest  side  lobe  maximum  from  the  Faran-Hills 
results  for  a single  frequency  and  compute  the  corresponding  Tchebyscheff 
shading  factors  and  intensity  patterns.  (Dolph's  procedure  for  and 

Riblet's  procedure  for  £ ~ ).  These  Tchebyscheff  shading  factors  were 
then  used  to  compute  th'e  array  gain  in  the  same  noise  field  as  the  corres- 
ponding Faran-Hills  results.  Figure  4 is  a table  comparing  the  amplitude 
shading  coefficients,  array  gains  and  beam  width  at  the  3 db  down  points 
for  the  same  noise  fields,  spacings  and  side  lobe  levels.  Figure  5-8 
are  the  intensity  patterns  as  obtained  from  the  Faran-Hills  and  Tchebyscheff 
procedures. 


SUMMARY  AND  CONCLUSIONS 

A linear,  five  element,  evenly  spaced  array  has  been  used  to  compare, 
on  a computer,  array  gains,  amplitude  shading  coefficients  and  intensity 
patterns  with  identical  side  lobe  levels  as  obtained  from  the  Faran-Hills 
nrocedure  which  maximizes  array  gains  using  noise  field  characteristics 
and  the  Tchebyscheff  procedures  which  optimizes  the  intensity  patterns 
but  considers  no  noise  field.  In  order  to  compare  the  array  gains  pro- 
nerly  the  Tchebyscheff  array  gains  were  computed  by  assuming  the  appro- 
priate noise  fields. 

For  the  cases  of  there  are  little  differences  in  the 

shading  coefficients,  consequently  there  are  little  differences  in  the 
array  gains  and  intensity  patterns.  The  Faran-Hills  procedure  results 
in  somewhat  greater  gains  but  also  somewhat  wider  beam  widths.  The 
maximum  difference  in  array  gains  is  approximately  1/2  db  and  the  maximum 
difference  in  beam  widths  is  about  1 degree  at  the  3 db  downpoint.  For 
t ^ - 2.  and  1,  the  differences  are  greater. 

> * # 
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APPENDIX 

1.  An  Example  of  the  Dolph-Tchebyscheff  Method1 


l?  -•  ZO  . 

From  equation  (10)  dropping  the  factor  2 (we're  interested  only  in  the 
relative  field  pattern),  y , * 3 , . . * c i 

5-  (AH-3A^AarlAx)^  + fa4>-&^+&Ai)xK'Mzr''zAi)x*+frA  X. 

From  7 %cpelti5r  Applying  the  linear 
Set  e<Tml  toT7^x)and  is  solved  for 
equivalent  to  ^ (?//./?  )=: 

T7(/./jtx)-  6</(/./rK?-//z(/j*r*)5+  5-6  O./rxf-  7 Our*). 

Equat i ng  coe  f f i c i e nts , 

6V/4/X7-  6V  (US’)7*?  —?  4 1 -J+66, 

(jt>j2.-//As4,)X*'--//JL(USf*r  =£>  = 

(jt/^3  -3cA+r*40xJ  = &(Urf>?  -=T>  A3-&2j.j 
(J+-34i+*4.-M)*  *■- 7 (/./*)% 

Normalizing, 

^3  - 

A.-  A-,  - / 7 aW 

To  get  the  pattern  Jland  as  £ goes  from  to  <9  to  , 

the  square  of  the  values  of-  E>(*J  is  the  intensity  of  the  direction  e 
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?.  Ar  Example  of  Rib  let's  Method  for—  < J_  ^ 

A.  x 

Lex.  n = 7 > ~ - J > 

, and  /?  = 


The  equation  of  the  pattern  is 


tj  ..  /(,t  4(1(ws^s.v.e;  +>U(cos  Vf*1"0)  XA,(cai  <fsin$  . 

Let/=  Cos(^s^e)  (O 

and  F,=  ^+AJXd-Az(^I-0+'4'^>!"3'X^  C ' 

The  corresponding  Tchebyscheff  polynomial  is  71  (k)- 

~T\  L/'o)  ~~  9 — ^ cr~ 


b(0-fc  =■ 

Therefore  , and 

c=-/6 
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— -A*r  ^a"^"C^8  $ Ai')Y~'t  J-A  xA  y-AiJt  is  set  equal  to 

Tiff-f)'  Tknt  1E> 

*A  > - l»,r /-■r.rr  f-Mrt  W- 

Equating  coefficients  and  normalizing, 

A*.-  i 

43-A5-=--i.oi 

A*=Al-  A/9 
At  - A f - -2.^0 

To  plot  the  pattern,  substitute  X=trtf5('2/^-*//7^in  (2).  The  square  of 
the  values  of  gives  the  intensity  in  the  direction  © . To  return 

to  the  original  form,  replace  ^4  with SLx-1^— l • The  resulting  poly- 
nomial is  similar  to  the  one  shown  in  Figure  2. 


Mathematician 


JOHN"?.'  beam  " 
Physicist 
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